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General relativity in 2+1 dimensions, in the absence of matter, admits only flat ge-
ometries as classical solutions [1]. As a result of this simplication the vacuum theory
can be quantized in a variety of ways [2]. Perhaps the simplest of these makes use of the
equivalence between 2+1 dimensional gravity and a Chern-Simons gauge theory of the
three dimensional Poincare group ISO(2,1) [3,4]. However, as soon as matter is introduced
the local Poincare invariance is broken and this approach fails.
Incorporating matter into a quantum theory of gravity in 2+1 dimensions seems to
be extremely hard in all approaches. It has so far only proven possible to discuss the
quantization of gravity coupled to point particles. While there has been much progress
in understanding this problem [5,6], a systematic quantization starting from the familiar
action for a point particle coupled to gravity has not been found.
In this letter we show that it is possible to perform a complete canonical quantization,
by rst restoring the ISO(2,1) gauge symmetry in a way proposed by Grignani and Nardelli
[7]. We derive a description of the quantum theory closely related to that given by Carlip
[6], where the non-trivial features of the quantization are contained in a braiding condition
on the wave function. Here, this condition is not imposed after quantization, as in Ref. 6,
but rather appears as a consequence of a new constraint which generates translations of
the particles in the ambient spacetime.
The classical action for a spinless point particle coupled to gravity in 2+1 dimensions



























1 Greek letters are spacetime indices. Latin letters from the middle of the alphabet i; j; k are space
indices, and latin letters from the beginning of the alphabet a; b; c are dreibein indices. We take ab =
diag(1; −1; −1), 012 = 12 = 1, and set 16G = 1.
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We shall work throughout this letter on a spacetime with topology R 3.
To make the ISO(2,1) gauge symmetry of the gravitational part of the action manifest,
introduce a gauge eld A = eaPa + !aJa, where the Poincare generators Pa, Ja obey
the ISO(2,1) algebra
[Pa;Pb] = 0 [Pa;Jb] = abcPc [Ja;Jb] = abcJ c:
An invariant inner product on this algebra is given by hJa;Pbi = ab, hPa;Pbi = hJa;Jbi =
0. Under an innitesimal gauge transformation, A ! A − D, D  @ + [A;  ],
where  = aPa + aJa. The gravity part of the action is manifestly invariant under
this transformation since one recognizes that SEH is the Chern-Simons action for the
eld A [3,4]. The change in the point particle part of the action due to the rotation a
can be absorbed by taking the momentum pa to likewise transform with a local rotation,
pa ! pa − abcpbc. However no transformation of pa can absorb the change due to the
translation a. It is in this sense that invariance under local translations is broken by the
matter coupling.
One may follow a procedure advocated by Grignani and Nardelli, and restore local
Poincare invariance by gauging translations [7]. Introduce a eld qa(x) which transforms
in the dening non-linear representation of the Poincare group, qa ! qa− abcc +a, and
an ISO(2,1) covariant derivative Dqa = @qa+abc!bqc+ea. Dqa transforms covariantly
under local Poincare transformations, i.e. in the same way that @qa behaves under global
transformations: Dqa(x) ! Dqa(x) − abcDqb(x)c(x). Since Dqa transforms only
with a rotation, replacing ea with Dq
a everywhere in (1) makes the action ISO(2,1) gauge
invariant. This gauging procedure is available in any number of dimensions, but the result
is simpler in 2+1 because the qa(x) eld drops out of the gravity part of the action. That
qa drops out is not surprising, as the gravity action was already locally ISO(2,1) invariant
and didn’t need to be gauged; formally it is a consequence of the Bianchi identities [7].
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A few remarks about the addition of the eld qa(x):
(a) The introduction of the additional qa(x) degrees of freedom does not aect the dy-
namics of the model. As is manifest from the way they were introduced, the qa(x) are
gauge variant degrees of freedom, and one may adopt the gauge condition qa(x) = 0
to return to the original theory. However, we shall see below that the constraints are
greatly simplied when the ISO(2,1) symmetry holds.
(b) As the ISO(2,1) invariance of the original gravity action was broken only at the location
of the particle, the eld qa(x) only enters along the worldline as qa(x()). We dene
qa()  qa(x()).
(c) If more than one particle is present, we introduce qaA  qa(xA()) (where A = 1; 2; : : :
labels the various particles). We are able to quantize only by treating the qaA as
independent variables. For consistency, we must exclude coincident points xA = xB,
A 6= B from the conguration space.
We proceed with a discussion of the two particle case, although the generalization
to higher numbers of particles is straightforward. To simplify the canonical structure,
we introduce a momentum A conjugate to the position variable x

A, with a Lagrange










a . We also gauge x the











(1), after the replacement ea ! Dqa, becomes


















Ai − eai (t;xA(t)) pAa − !ai (t;xA(t)) jAa
i (2)
where A = 1; 2 labels the two particles, and jaA  abcqAb pAc .
Separating out the time derivatives in (2) allows us to identify the canonical variables
4
and their Poisson brackets
fpAa ; qbBg = baAB











The variables e0a(x), !0a(x), uiA, and A are Lagrange multipliers enforcing the con-
straints,
aR(x)  ijRaij(x) − pa12(x− x1) − pa22(x− x2) = 0
aT (x)  ijT aij(x) − ja12(x− x1) − ja22(x− x2) = 0
A i  Ai − eai (xA)pAa − !ai (xA)jAa = 0
Ap2  p2A − m2A = 0
(4)
where the Ja and Pa components of the ISO(2,1) eld strength are2
Ra = @!
a
 − @!a + abc!b!c
Ta = @e
a







The constraints have a straightforward interpretation. The aR and 
a
T constraints x
the curvature of the ISO(2,1) gauge eld and generate innitesimal ISO(2,1) gauge trans-
formations. The Ap2 constraints put the particles on-shell, and generate the transformation
fAp2; qaBg = 2paAAB, but leave paA and jaA invariant. Finally, the A i constraints x the
momentum conjugate to xiA, and generate innitesimal translations of the particle coordi-
nates: fA i; xjAg = 
j
i . Note that there are more constraints present than if this were just
an ISO(2,1) gauge theory. This is expected because, had we formulated the model with
a spacetime metric, we would encounter dieomorphism invariance. Dieomorphisms act
by moving particles around, and cannot be fully represented by the (ultralocal) action of
the constraints of the ISO(2,1) gauge theory.
2 A torsion tensor may be constructed which, unlike the eld strength T aµν , vanishes on solutions to
the constraints [7].
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The algebra of the constraints is as follows: aR and 
a
T reproduce ISO(2,1) as expected;
the A i have the only other non-zero brackets,















ij (p1  j2 + p2  j1) 2 (x1 − x2)
f1 i; 2 jg = +
1
2
ij (p1  j2 + p2  j1) 2 (x1 − x2)















ij (p1  j2 + p2  j1) 2 (x1 − x2) :
This algebra closes on the physical conguration space with the coincident point x1 = x2
excluded.
The constraint A i is the mechanical momentum, or gauge invariant velocity operator
[8], of a particle moving in the gauge connection Aa. This suggests a useful analogy,
namely the quantum mechanics of a non-relativistic particle moving in a magnetic eld.
In that example, translations are generated by an abelian version of A i, and these act
non-trivially in a global sense, leading to the derivation of the Dirac quantization condition
for magnetic charge [8].
Motivated by that abelian analysis, we proceed to quantize, adopting the Poisson
bracket algebra (3) for equal time commutators. The constraints (4) may be promoted to
Hermitian operators; no operator ordering diculties arise. Locally, it is straightforward
to see how the constraints restrict a wave functional. The ISO(2,1) constraints restrict the
functional to be gauge invariant, and to have support only on ISO(2,1) connections that are
flat away from the sources, subject to a choice of polarization [4]. The A i constraints act
locally to remove any dependence of the functional on xi (we ignore the reparameterization
constraint for the moment). However, as we shall now see, nite transformations generated
by the A i constraints impose further conditions on the wave function.
By exponentiating the constraint 1 we obtain a unitary operator which performs a
nite gauge transformation.
U(ai) = e−iai1pi i
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As expected, U(ai) acts on states by translating particle 1 from x1 to x1 + a. It also
parallel transports the ISO(2,1) charge of particle 1 along a straight line from x1 to x1 +a,
and it changes the gauge eld only along that line { it leaves behind a (gauge variant)
string singularity in the Poincare gauge eld connecting the initial and nal locations of
the particle:

















The parallel transport is along a straight path from x1 to x1 + a .
One might expect that the operator U(a) should obey the abelian group composition
law for translations, U(a2)U(a1) = U(a1 + a2). Instead, explicit computation shows that
a phase (a 2{cocycle [8]) arises in the composition law, so that translations are realized
projectively,
B  Uy(ai1 + ai2)U(ai2)U(ai1): (6)
The 2{cocycle measures the non-abelian flux of the ISO(2,1) gauge eld, pointing in the
direction covariantly along pa1Ja + ja1Pa, through a triangle with vertices located at x1,
x1 + a1 and x1 + a1 + a2 (see Fig. 1):











Raij(x1 + a1 + a2










The cocycle vanishes unless particle 2 sits inside the triangle. The symbol P denotes path
ordering with respect to  only; the  0 integral sits inside the integrand of the  integral.
The parallel transport of the charge (pa1Ja + ja1Pa) is along a straight path from x1 to
x1 + (a1 + a2) , then along another straight path to x1 + a1 + a2 0.
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Following earlier approaches [4,5,6], a complete set of physical observables may be
constructed from the holonomies of the ISO(2,1) gauge eld around the locations of the
particles3. Introduce two loops based at x which encircle the particles as drawn in Fig. 1


























(eaiPa + !ai Ja) dxi
9>=
>; :
One may make paA and |
a
A into physical observables by locating the base point x at spatial




Are the paA, |
a
A invariant under the other constraints as well? Holonomies are left
unchanged under the action of any single nite transformation U(ai) since any choice of
loops may be deformed so that they do not intersect the string singularity generated by
U(ai). Consider however the eect of B on the holonomy around the second particle5.
From the denition of B in (6) and the eect of U(ai) on the ISO(2,1) gauge eld in
(5), it can be shown that the eect of B is to break loop 2 where it intersects the triangle
dening B, and to insert the group element associated with the charge of particle 1 parallel
transported counterclockwise around the triangle to the intersection point. If one considers
only states which are annihilated by the ISO(2,1) gauge constraints aR and 
a
T , then one
may continuously deform the path on which the holonomy is calculated. The braid operator
3 Note that, as a consequence of fApi i; xjBg 6= 0, the particle locations xiA are not physical observables.
4 Alternatively, one can keep x∗ nite and form gauge invariant combinations of paA, |
a
A at x∗ by using
the invariant forms on the ISO(2,1) algebra.
5 The transformation generated by B, although connected to the identity, evidently cannot be written
as a single exponential of a generator.
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(and similarly for h1), where the primed holonomies are calculated on the braided loops
indicated in Fig. 2.
Note that these braided loops may be obtained from the original loops by conjugation
with the total holonomy, i.e. with loop 2 followed by loop 1. This means that the primed
charges at x are obtained by a Poincare transformation,
p0A
aJa + |0AaPa = e−
1
2 (P
aJa+JaPa) (paAJa + |aAPa e+ 12 (P aJa+JaPa)













Note also that the content of the braiding condition is independent of the original choice of
loops. When more than two particles are present, there will be an operator BAB dened
as above corresponding to each pair of particles. From their construction these operators
provide a representation of the braid group [9].
We are now in a position to discuss a two-particle wave functional that is invariant
under all of the constraints. Any wave functional constructed using h1 and h2, with an
appropriate choice of polarization, is guaranteed to solve the ISO(2,1) constraints. As
discussed above, the local action of the A i constraint eliminates the dependance on x
i
a.
The reparameterization constraint Ap2 is easily expressed in terms of the holonomies, since
paA and |
a




A for each particle. As a
result, the constraint may be rewritten as Ap2 = p
2
A −m2A: The eect of this constraint
on the wave functional follows from the Poisson algebra of the paA and |
a
A [10]. In order
to complete the quantization, it remains only to demand invariance under the braiding
operator B.
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Eq. (7) shows that the eect of B is equivalent to the condition imposed in Ref. 6 to
implement invariance under the mapping class group. Note, however, that in our formula-
tion the topology of the spatial hypersurface is taken to be R 2, so that all dieomorphisms
are connected to the identity. The braiding condition arises from the action of the A i con-
straint which describes how spatial dieomorphisms change the positions of the particles
on R 2.
A possible choice of polarization is to take the wave functional to be a function of the









complete discussion of the consequences of the braiding condition for two particles, and
some words on the role of surface terms and boundary conditions, may be found in Refs.
6 and 10.
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Figures
Figure 1. The cocycle measures the flux through the triangle, and the holonomies are
taken around the indicated loops.
Figure 2. Loops obtained from Fig. 1 by the action of the braid operator.
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